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Introduction

In this study, we want to solve the system of nonlinear matrix equations

AL p X+ A1 o1 X5 4 A1 X + Ago = 0,

Ag,nxg + Ag,n_1X§_1+ R A2’1X1 + AQ,O = 0,

Ann X2+ Apna1 X4 4+ Ap 1 Xno1 + Ano = 0.

Every matrix in (1) is in RP*P,

Fori=1,2,...,nand j =2,3,...,n,
m A; ; is a positive matrix or a nonnegative irreducible matrix,
B —A; ; is nonsingular M-matrix,
B A; o is a positive matrix.
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n n
Set Aj= .G?Ai’j = diag(ALj,Az,j, . ,An,j),Y = G?X,‘ = diag(X1, X2,...,Xn)
i= i=

00 0 Ip)
I, 0 0 0 0
and P = Ip € R"PX"P for j =0,1,...,n, then the
S 0
0 0 I, 0 0
o o e I, 0]

system (1) can be rewritten as

= FY) =AY + Ap 1 PTY" TP+ + AP lY P 4 A

n
= > Aj(PTYIyIpti =0
j=0
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Let P(X) is matrix polynomial equation with degree n defined by
n .
P(X) = ApX" + Ap1 X"+ 4 Ag= Y AX =0 (3)
j=0
In [7], Seo and Kim apply Newton’s method to solve (3) with the following

assumptions.

Assumption
For the matrix polynomial P(X) in (3),
m The coefficient matrices A,, Ay-1, ..., A2 and Ap are nonnegative.
B —A; is nonsingular M-matrix,
B (A, +A,—1 +---+A2)1, > 0 where 1,, is an m-column vector with
element 1.

co
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Classical and Modified Newton’s lteration

For general, for the function F : RP*? — RP*P we can apply Newton’s
method with initial X, that

Xis1 = Xi — F/(X)'F(X;), i=0,1,2,...
where F’ is the Fréchet derivative of F.
Definition 2.1 ([6])

The mapping G : R” — R” is totally or Fréchet differentiable at x if the
Jacobian matrix exists at x and
. |IG(x+h)-Gx -G (x)h||
lim =
h—0 (12|

0 (4)

We apply (4) to our matrix equation system (2). Then we can obtain the
Fréchet derivative of (2) denoted as Dy (H),

n p-1
Dy(H) =) (Ap (PT)"P (Z Y‘IHYP“H) (P)"—P) (5)

p=1 q=0
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Classical and Modified Newton’s lteration

Newton’s iteration for solving equation (2) can be stated as

Dy.(H;) = —-F(Y;

Yl( i) (¥:), i=1.2,... (6)
Yiq1 =Y+ H;.

The algorithm of Newton’s iteration (6) is as follows.
GivenYy=0,eandi=0
while 6 < e do

Solve H; in equation

Dy, (H;) = -F(Y;)

Yiyp < Yi+ H;

ie—i+1

Calculate ¢
end

Algorithm 1: Newton’s iteration for equation (2)
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Classical and Modified Newton’s lteration

X1,i+1 =X1,i + H1i,
Xo2,iv1 =X2,i + H2,i,

Xn,i+1 :Xn,i + Hn,i’

p=1

Ap T (Hy ) + Agpa T3 (Hp ) + - -

Agn T2 (Hai) + A pea TOD (Ha i) + - - -

Annr(nl)(H t)+Ann lrll)(Hll)"‘"'

+A11Hpi =-F1 (X1, ...

+Ag 1 Hy i =-Fo(X1is---s

+An 1 Hy1i=-Fn(X1is- .-,

k
- k- .
where )V (H) = ) XPI HX ] P for j=1,2,...,n

an,i)»

Xn.i)s

Xn,i) 5

@)
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Classical and Modified Newton’s lteration

k
Let A](cl) (Aij)= X% ((Xlk_”)T ® A; X~ 1) then the first n equations in (7)
p=1

are equivalent to

—vec(Fy (Xl ise-ns Xn, i)
1,
= A (A vee(Hy i) + AP (A1 py)vee(Ha) + -+ (Ip ® Av1) vec(Hoi),
_Vec(FQ(Xl [ R Xn l))
= AP (A, n)vec(Hz ;) +A(3 B (Agn-1)vec(Hs i) + -+ (Ip ® Ag 1) vec(Hy ), ®)
—vec(Fy (X1, .-, Xn.i))

= AU (A )vee(Hp) + A (A oy vec(Ho) + -+ (Ip ® Ayt) vee(Hp-1.).
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Classical and Modified Newton’s lteration

Let the block matrix M; as

i
Ip ® A1 A (A1) %n Y0 (A12)
/\én’l)(Az,Q) Ip ® Az e b l)(Az 3)
M; =- . .
A M) A Ao o e Ans

Then (8) can be rewritten as
vec(Hpy,;) vec(F1(X1,i5- .- » Xn,i))
vec(H1,;) vec(F2(X1,is- .- Xn,i))
M; : = : . 9)

VeC(Hn—l,i) VeC(Fn(Xl,i, ce ,Xn,i))
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Classical and Modified Newton’s lteration

The algorithm of Newton’s method (7) is as follows:

Given X1 9=X20=---=Xu0=0,eandi=0
while 6 < e do
Make M;
Solve vec(Hj ;) in equation (9)
for j=1tondo
Reshape H; ; from vec(H; ;)
Xjiv1 & Xji+Hji
end
ie—i+1
Calculate ¢
end

Algorithm 2: Modified Newton'’s iteration for system (1)
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Convergence of Modified Newton’s Iteration

First, we use the following lemma for proof of the main theorem about
convergence of modified Newton’s iteration.

Let U, X e RPXP if U > X > 0, then

U" = 3 (XTUX" ) 4 (n- )X > 0forn=2,3,... (10)
i=1
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Convergence of Modified Newton’s Iteration

Definition 3.1 (Z-matrix)

For A = (a;5) € R if its off-diagonal entries are less than or equal to zero,
i.e.
aijj < 0,i#]

then A is called the Z-matrix.

Definition 3.2 (M-matrix)

A matrix A € R™" is an M-matrix if A = sI — B for some nonnegative matrix B
and s with s > p(B) where p is the spectral radius; it is a singular M-matrix if
s = p(B) and a nonsingular M-matrix if s > p(B).
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Convergence of Modified Newton’s Iteration

Theorem 3.3

If A is the Z-matrix, then the following are equivalent:
A is a nonsingular M -matrix.
A~L is nonnegative.

Av > 0 for some vectorv > 0.
A All eigenvalues of A have positive real parts.
Av > 0 impliesv > 0.
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Convergence of Modified Newton’s Iteration

Theorem 3.4 (Main Theorem)

Suppose that the system of nonlinear matrix equation (1) satisfies
Assumption. Suppose that there is a collection of positive matrices
(U1,Us,...,Uy) such that F;(Uy,Us,...,Uy) <0 fori=1,2,...,n. Set

X1,0 =X2,0 =---=Xu,0 =0, then the sequences {X1 i}, {X2,i},....{Xn,i}
generated by iteration (7) converge to the minimal positive solution of system
(1), that is there is a collection of matrices (S1, S2, . ..,Sn) which is the
minimal positive solution of the system (1) such that

lim Xji=3Sj, forj=1,2,...,n.

i—00
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Convergence of Modified Newton’s Iteration

Theorem 3.5 (Main Theorem (Cont.))

Moreover,
Ip® A1 AP (Arn) A(nil’i) (A1,2)
NG (A22)  Ip@dzy - A (A1)
M; =- . : Z
A(n l)(An ) A(l l)(Ann q) oo Ip®Ana

k
where A](Cl)(Ai,j) = Z ((Xlk_p)T ® Ai i X[~ 1)
p=1

is a nonsingular M -matrix for each X; ;.
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Convergence of Modified Newton’s Iteration

We use mathematical induction. Let Uy, Us, . . ., U, be positive matrices such
that

F1(U1,Us,...,Uy) <0,
Fy(Uy,Us,...,U,) <0,

F,(U1,Us,...,U,) <0.
It is equivalent to

Al,nU{l + Al,n_lU;l_1+ S ALQU'%_I +A1,0 £ -A1,1Up,

A2 U + Ag nq1 US4+ Ag oU2 + Ao g < —A21 U1,

-1 %
AnnUp + An,n_lU{l +o +Ap2U; 5+ Ano < —Apn1Up-1.
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Convergence of Modified Newton’s Iteration

Proof (Cont.)

We will show following three statements:
Xy, <Ui, X1,i <X1,i+1,
Xa,i <Us, Xa2,i <X2,i+1,

M; is a nonsingular M-matrix,

Xn,i SUm Xn,i SXn,i+1~

(12) (13) (14)
Since X1,0=X20=---=X;,0=0,
I, A1, 0 0
0 Ip ® Az 1 0
Mo =- . : . ; is nonsingular M-matrix.
0 0 o Iy ®Ang

And since H; 1 = (=A;,1) 'A; 0 = 0fori=1,2,...,n, the statement (12), (13),
(14) are true for i = 0.
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Convergence of Modified Newton’s Iteration

Proof (Cont.)

Suppose that the statements (12)—(14) are true for i = k € N, we will prove
three inequalities are true

vec(Up = Xy k+1) vec (Un = X k41) vec (X, k+2 = Xn,k+1)
vec(Ur = X1 k+1) vec (U1 = X1 k1) G e = X
My ] i >0, M ] i 50, My vec ( 1.k+? 1k+1) 0.
vec(Un-1 = Xn—1,k+1) vec (Un-1 = Xp—1,k+1) vec (Xn_u(é = Xn—1,k+1)
(15) (16) 17)
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Convergence of Modified Newton’s Iteration

Proof (Cont.)

Suppose that the statements (12)—(14) are true for i = k € N, we will prove
three inequalities are true

vec(Un = Xp k+1)
vec(Ur — X1 k1)
My .
vec(Un-1 = Xp-1,k+1)
(15)
X1,k+1 <UL,
Xo,k+1 <Ua2,

Xn,k+1 SUn,
(18)

>0, Mp41

vec (Uy — Xn’k{,l)
vee (Uy — X1 k+1)

vec (Un-1 - Xp-1,k+1)
(16)

7 { 7

Mj.41 is a nonsingular M-matrix,

(19)

vec (X -X
>0, Mps ( 1.k+? 1,k+1)

vec (X, k+2 = Xn,k+1)

> 0.

vec (Xp—1,k+2 = Xn-1,k+1)

(7
U

X1,k+1 X1 k425
X2, k+1 <X2 k42,

Xn,k+1 SXn,k+2-
(20)
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Convergence of Modified Newton’s Iteration

Proof (Cont.)

Let M,E") is ith row partition of My, for example,

M,El) = [Ip ®AL1 ASM(Ara) - A;n_l’k)(ALQ)] ’

Then it is enough to show the following inequalities instead of (18)-(20):

vec(Un = Xp,k+1) vec (Up — Xp k+1) vec (X, k42 = Xn k+1)
vec(Ur — X1 k+1) vec (Ul -X; k+1) vec (X -X )
(1) . (1) o (1) 1,k+2 1,k+1
M, . >0, M) . >0, M) i 0.
vec(Up-1 - anl,k+1) vec (Un—l - anl,k+1) vec (anl,k+2 = anl,k+1)
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Convergence of Modified Newton’s Iteration

Proof (Cont.)

vec(Up — Xn,k+1)
vec(Ur — X1 k+1)

vec(Up)
vec(Uy)

VeC(Xn,k+1)
vec(X,k+1)
|

(1) @
M, =M,

vec(Up-1) VeC(Xn—l,kH)

Vec(Un—l - Xn—l,k+1)

= —vec (AL,,FE}"‘) U1+ + AT O W, 1)+ AMU,,)

#vee (1= DALAXY 4+ ALaX2 | | - Aro)

n
U - Z(xfklule;) +(n=)XP, ||+

=vec (Al,n
i=1

+ vec (ALQ

2
2 i—1 2—i
Upy - Z(X;—l,kU"‘lxn—ll,k) + X0 1k
=

|

> 0.

20/28



Convergence of Modified Newton'’s Iteration
0000000000800

Convergence of Modified Newton’s Iteration

Proof (Cont.)
vec (Un — X k+1) vec (Un) vec (X k+1)
vec (U1 — X1 k+1) (1) vec (Uy) | vee (X1,k41)
k+1 c “Mr1 ° 51 c

vec (Un-1 = Xp-1,k+1) vec (Un-1) vec (Xp-1,k+1)

=vec ("Alvnxﬁkn RFeeesr 2AIY2X12171,k+1 + A1~1Xn,k+1) - vec (Al‘nr(nl'kﬂ) U1)+---+ Al,zl"(zn_l'kﬂ) (Un-1) + A1,1Un)

n n-1
n n—1 i—1 n—i—1 n—1
2vec (Alvn Uy - Z ( 1, k+1UlX1 k+1) +nX{ )*V“’“ (AUH Uy - Z (Xz,k+1U2Xz K+l ) +(n=DXy50 )
o=l i=1
2
+ootvec|Arg (Ug 1 Z( ke Un1 X074 k+1)+2Xn L+ )+V90(A1,1Xn,k+1 +A1,0)
i=1
n n-1
— 1 -1 i-1 1
=vec (All,, UL = ) (X U X ) + = DX g )+vec(A1,,._1 Ust = 3 (XE e Xa) + (- DX m))
3 i=1

-+vec|Ar2

2
-1 2
Z( ke Un1 X 1A+1) X1k )+Ve°(A1 n X e+ AL X ke +A1.0)

2

>vec (Al.n (U1 = X1,541) (Uf - X7 kﬂ) +A1,n-1 (U2 — X k41) (U«E' - Xy kil) +ooo+ A12 (Un-1 = Xp-1,k41) )
g _ 2
+ vec (Al.n (X1, k41 — X1.8) (Xil.k-u _ xi'.kl) +A1n-1 (X2 k1 — Xo k) (X2 = X;'k ) o+ A2 (Xpo1,k+1 — Xn-1.k) )

> 0.
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Convergence of Modified Newton’s Iteration

Proof (Cont.)

vec (Xn,k+2 - Xn,k+1)
vee (X1 gv2 = X1,441)

vec (X, k+2)

vec (X k+1)
vec (X1 k+2)

vec (X1 k+1)

mD
k+1

D
k+1

vec (Xp-1,k+2 = Xn-1,k+1)

vec (Xp-1,k+2) vec (Xp-1,k+1)

= vec (nALnX{"k+1 ot 2A1~2Xr21—1,k+1 + Al,lxn,k+1)
~ vec ((n DALY+ AL2XE | o + Al,o)

=vec (A1 an k+1 -+A1’1Xn,k+1+A1’0)

2
> veo( A1 (X1 o1 =X1) (XP7h, = X030+ +A1,2(Xn 1 k1 =X 1.4))

> 0.
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Convergence of Modified Newton’s Iteration

Proof (Cont.)

X1,; <Uy, X1,i <X1,i+1,

X2,i <U2, Xo,i <X2i+1,
M; is a nonsingular M-matrix,

Xn,i SUn» Xn,i 5Xn,i+1-
(12) (13) (14)

Therefore, the statements (12), (13) and (14) are true for all i € N. It implies
that the matrix sequence X; ; is monotonically increasing and bounded
above. By Monotone convergence theorem, there are positive matrices
S1,82,...,8, suchthat lim X;; = S; for j = 1,2,...,n. Moreover, for any

1—00
other positive solutions S7,55, ..., S, since it holds that F;(S7,S5,...,S;) <0
fori=1,2,...,n, we get from statement (12) that §; < S;. forj=1,2,...,n.

Hence, S1, S2, ..., Sy is the minimal positive solution of system (1).

23/28



Numerical Experiments
@000

Numerical Experiments

Example 1
Consider the system of equations

(21)

A1,2X12 +A1,1X20+A1,0=0,
A2,2X22 +A21X1+A20=0.

Let p =10,20,...,100,and A; ; fori =0,1,2 and j = 1,2 are p x p matrices
which, in MATLAB code, are defined as

A1,2 = rand(p),

Az 2 = rand(p),

Aq,1 =rand(p) * p — eye(p) * p2,

A2,1 = rand(p) * p — eye(p) * P2,

A1,0 = rand(p),

A2 o = rand(p).
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Numerical Experiments

CPU time(sec)

Efficiency
Algorithm 1 Algorithm 2

10 0.0323 0.0158 51.1737%
20 0.3768 0.1073 71.5260%
30 2.5495 0.5026 80.2861%
40 11.0100 1.9496 82.2921%
50 38.3648 6.4833 83.1009%
60 103.1862 15.9109 84.5804%
70 287.6370 35.9950 87.4860%
80 926.5837 85.6463 90.7568%
90 - 164.4290 -
100 - 310.9708 -

Table 1: Comparison of CPU time
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Numerical Experiments

Example 2

Consider system (1), letn =5,6,7and A; ; fori=0,1,...,nand j =1,2,...,n
are 5 x 5 matrices which are defined as

fori=2,3,...,nand j=1,2,...,n

Aj,i = eye(5)
Aj1= —W*eye@)
Ajo= n(n—1) xeye(5)

2
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Numerical Experiments
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Figure 1: Comparison iteration time and relative residue
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