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Introduction

In this study, we want to solve the system of nonlinear matrix equations

𝐴1,𝑛𝑋
𝑛
1 + 𝐴1,𝑛−1𝑋𝑛−1

2 + · · · + 𝐴1,1𝑋𝑛 + 𝐴1,0 = 0,

𝐴2,𝑛𝑋
𝑛
2 + 𝐴2,𝑛−1𝑋𝑛−1

3 + · · · + 𝐴2,1𝑋1 + 𝐴2,0 = 0,

.

.

.

𝐴𝑛,𝑛𝑋
𝑛
𝑛 + 𝐴𝑛,𝑛−1𝑋𝑛−1

1 + · · · + 𝐴𝑛,1𝑋𝑛−1 + 𝐴𝑛,0 = 0.

(1)

Every matrix in (1) is in R𝑝×𝑝 .

Assumption

For 𝑖 = 1, 2, . . . , 𝑛 and 𝑗 = 2, 3, . . . , 𝑛,

𝐴𝑖, 𝑗 is a positive matrix or a nonnegative irreducible matrix,

−𝐴𝑖,1 is nonsingular 𝑀-matrix,

𝐴𝑖,0 is a positive matrix.
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Introduction

Set 𝐴 𝑗 =
𝑛⊕
𝑖=1

𝐴𝑖, 𝑗 = diag(𝐴1, 𝑗 , 𝐴2, 𝑗 , . . . , 𝐴𝑛, 𝑗 ), 𝑌 =
𝑛⊕
𝑖=1

𝑋𝑖 = diag(𝑋1, 𝑋2, . . . , 𝑋𝑛)

and 𝑃 =



0 0 · · · · · · 0 𝐼𝑝
𝐼𝑝 0 0 · · · 0 0
.
.
. 𝐼𝑝

. . .
. . .

.

.

.
.
.
.

.

.

.
.
.
.

. . .
. . . 0

.

.

.

0 0 · · · 𝐼𝑝 0 0
0 0 · · · · · · 𝐼𝑝 0


∈ R𝑛𝑝×𝑛𝑝 for 𝑗 = 0, 1, . . . , 𝑛, then the

system (1) can be rewritten as

=⇒ 𝐹 (𝑌 ) = 𝐴𝑛𝑌
𝑛 + 𝐴𝑛−1𝑃>𝑌𝑛−1𝑃 + · · · + 𝐴1 (𝑃>)𝑛−1𝑌𝑃𝑛−1 + 𝐴0

=

𝑛∑︁
𝑗=0

𝐴 𝑗 (𝑃>)𝑛− 𝑗𝑌 𝑗𝑃𝑛− 𝑗 = 0
(2)
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Introduction

Let 𝑃(𝑋) is matrix polynomial equation with degree 𝑛 defined by

𝑃(𝑋) = 𝐴𝑛𝑋
𝑛 + 𝐴𝑛−1𝑋𝑛−1 + · · · + 𝐴0 =

𝑛∑︁
𝑗=0

𝐴 𝑗𝑋
𝑗 = 0 (3)

In [7], Seo and Kim apply Newton’s method to solve (3) with the following
assumptions.

Assumption

For the matrix polynomial 𝑃(𝑋) in (3),

The coefficient matrices 𝐴𝑛, 𝐴𝑛−1, . . . , 𝐴2 and 𝐴0 are nonnegative.

−𝐴1 is nonsingular 𝑀-matrix,

(𝐴𝑛 + 𝐴𝑛−1 + · · · + 𝐴2)1𝑚 > 0 where 1𝑚 is an 𝑚-column vector with
element 1.
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Classical and Modified Newton’s Iteration

For general, for the function 𝐹 : R𝑝×𝑝 → R𝑝×𝑝 , we can apply Newton’s
method with initial 𝑋0 that

𝑋𝑖+1 = 𝑋𝑖 − 𝐹 ′(𝑋𝑖)−1𝐹 (𝑋𝑖), 𝑖 = 0, 1, 2, . . .

where 𝐹 ′ is the Fréchet derivative of 𝐹.

Definition 2.1 ([6])

The mapping G : R𝑛 → R𝑛 is totally or Fréchet differentiable at x if the
Jacobian matrix exists at x and

lim
ℎ→0

‖G(x + ℎ) −Gx −G′(x)ℎ‖
‖ℎ‖ = 0 (4)

We apply (4) to our matrix equation system (2). Then we can obtain the
Fréchet derivative of (2) denoted as 𝐷𝑌 (𝐻),

𝐷𝑌 (𝐻) =
𝑛∑︁

𝑝=1

©­«𝐴𝑝

(
𝑃>

)𝑛−𝑝 ©­«
𝑝−1∑︁
𝑞=0

𝑌𝑞𝐻𝑌 𝑝−𝑞−1ª®¬ (𝑃)𝑛−𝑝ª®¬ (5)
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Classical and Modified Newton’s Iteration

Newton’s iteration for solving equation (2) can be stated as{
𝐷𝑌𝑖 (𝐻𝑖) = −𝐹 (𝑌𝑖),
𝑌𝑖+1 = 𝑌𝑖 + 𝐻𝑖 .

𝑖 = 1, 2, . . . (6)

The algorithm of Newton’s iteration (6) is as follows.
Given 𝑌0 = 0, 𝜖 and 𝑖 = 0
while 𝛿 < 𝜖 do

Solve 𝐻𝑖 in equation
𝐷𝑌𝑖 (𝐻𝑖) = −𝐹 (𝑌𝑖)
𝑌𝑖+1 ← 𝑌𝑖 + 𝐻𝑖

𝑖 ← 𝑖 + 1
Calculate 𝛿

end
Algorithm 1: Newton’s iteration for equation (2)
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Classical and Modified Newton’s Iteration





𝐴1,𝑛Γ
(1,𝑖)
𝑛 (𝐻1,𝑖) + 𝐴1,𝑛−1Γ

(2,𝑖)
𝑛−1 (𝐻2,𝑖) + · · · + 𝐴1,1𝐻𝑛,𝑖 = −𝐹1 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖) ,

𝐴2,𝑛Γ
(2,𝑖)
𝑛 (𝐻2,𝑖) + 𝐴2,𝑛−1Γ

(3,𝑖)
𝑛−1 (𝐻3,𝑖) + · · · + 𝐴2,1𝐻1,𝑖 = −𝐹2 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖) ,

.

.

.

𝐴𝑛,𝑛Γ
(𝑛,𝑖)
𝑛 (𝐻𝑛,𝑖) + 𝐴𝑛,𝑛−1Γ

(1,𝑖)
𝑛−1 (𝐻1,𝑖) + · · · + 𝐴𝑛,1𝐻𝑛−1,𝑖 = −𝐹𝑛 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖) ,

𝑋1,𝑖+1 =𝑋1,𝑖 + 𝐻1,𝑖 ,

𝑋2,𝑖+1 =𝑋2,𝑖 + 𝐻2,𝑖 ,

.

.

. 𝑖 = 1, 2, . . .

𝑋𝑛,𝑖+1 =𝑋𝑛,𝑖 + 𝐻𝑛,𝑖 ,

where Γ
( 𝑗,𝑖)
𝑘
(𝐻 ) =

𝑘∑︁
𝑝=1

𝑋
𝑝−1
𝑗,𝑖

𝐻𝑋
𝑘−𝑝
𝑗,𝑖

for 𝑗 = 1, 2, . . . , 𝑛.

(7)
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Classical and Modified Newton’s Iteration

Let Λ(𝑙)
𝑘
(𝐴𝑖, 𝑗 ) =

𝑘∑
𝑝=1

(
(𝑋𝑘−𝑝

𝑙
)> ⊗ 𝐴𝑖, 𝑗𝑋

𝑝−1
𝑙

)
, then the first 𝑛 equations in (7)

are equivalent to



−vec(𝐹1 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖))
= Λ

(1,𝑖)
𝑛 (𝐴1,𝑛)vec(𝐻1,𝑖) + Λ(2,𝑖)𝑛−1 (𝐴1,𝑛−1)vec(𝐻2,𝑖) + · · · +

(
𝐼𝑝 ⊗ 𝐴1,1

)
vec(𝐻𝑛,𝑖) ,

−vec(𝐹2 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖))
= Λ

(2,𝑖)
𝑛 (𝐴2,𝑛)vec(𝐻2,𝑖) + Λ(3,𝑖)𝑛−1 (𝐴2,𝑛−1)vec(𝐻3,𝑖) + · · · +

(
𝐼𝑝 ⊗ 𝐴2,1

)
vec(𝐻1,𝑖) ,

.

.

.

−vec(𝐹𝑛 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖))
= Λ

(𝑛,𝑖)
𝑛 (𝐴𝑛,𝑛)vec(𝐻𝑛,𝑖) + Λ(1,𝑖)𝑛−1 (𝐴𝑛,𝑛−1)vec(𝐻1,𝑖) + · · · +

(
𝐼𝑝 ⊗ 𝐴𝑛,1

)
vec(𝐻𝑛−1,𝑖) .

(8)
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Classical and Modified Newton’s Iteration

Let the block matrix 𝑀𝑖 as

𝑀𝑖 = −


𝐼𝑝 ⊗ 𝐴1,1 Λ

(1,𝑖)
𝑛 (𝐴1,𝑛) · · · Λ

(𝑛−1,𝑖)
2 (𝐴1,2)

Λ
(𝑛,𝑖)
2 (𝐴2,2) 𝐼𝑝 ⊗ 𝐴2,1 · · · Λ

(𝑛−1,𝑖)
3 (𝐴2,3)

.

.

.
.
.
.

. . .
.
.
.

Λ
(𝑛,𝑖)
𝑛 (𝐴𝑛,𝑛) Λ

(1,𝑖)
𝑛−1 (𝐴𝑛,𝑛−1) · · · 𝐼𝑝 ⊗ 𝐴𝑛,1


.

Then (8) can be rewritten as

𝑀𝑖


vec(𝐻𝑛,𝑖)
vec(𝐻1,𝑖)

.

.

.

vec(𝐻𝑛−1,𝑖)


=


vec(𝐹1 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖))
vec(𝐹2 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖))

.

.

.

vec(𝐹𝑛 (𝑋1,𝑖 , . . . , 𝑋𝑛,𝑖))


. (9)
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Classical and Modified Newton’s Iteration

The algorithm of Newton’s method (7) is as follows:

Given 𝑋1,0 = 𝑋2,0 = · · · = 𝑋𝑛,0 = 0, 𝜖 and 𝑖 = 0
while 𝛿 < 𝜖 do

Make 𝑀𝑖

Solve vec(𝐻 𝑗 ,𝑖) in equation (9)
for 𝑗 = 1 to 𝑛 do

Reshape 𝐻 𝑗 ,𝑖 from vec(𝐻 𝑗 ,𝑖)
𝑋 𝑗 ,𝑖+1 ← 𝑋 𝑗 ,𝑖 + 𝐻 𝑗 ,𝑖

end
𝑖 ← 𝑖 + 1
Calculate 𝛿

end
Algorithm 2: Modified Newton’s iteration for system (1)
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Convergence of Modified Newton’s Iteration

First, we use the following lemma for proof of the main theorem about
convergence of modified Newton’s iteration.

Lemma

Let 𝑈, 𝑋 ∈ R𝑝×𝑝 , if 𝑈 > 𝑋 ≥ 0, then

𝑈𝑛 −
𝑛∑︁
𝑖=1

(𝑋 𝑖−1𝑈𝑋𝑛−𝑖) + (𝑛 − 1)𝑋𝑛 > 0 for 𝑛 = 2, 3, . . . . (10)
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Convergence of Modified Newton’s Iteration

Definition 3.1 (𝑍-matrix)

For 𝐴 = (𝑎𝑖 𝑗 ) ∈ R𝑛×𝑛, if its off-diagonal entries are less than or equal to zero,
i.e.

𝑎𝑖 𝑗 ≤ 0 , 𝑖 ≠ 𝑗

then 𝐴 is called the 𝑍-matrix.

Definition 3.2 (𝑀-matrix)

A matrix 𝐴 ∈ R𝑛×𝑛 is an 𝑀-matrix if 𝐴 = 𝑠𝐼 − 𝐵 for some nonnegative matrix 𝐵

and 𝑠 with 𝑠 ≥ 𝜌(𝐵) where 𝜌 is the spectral radius; it is a singular 𝑀-matrix if
𝑠 = 𝜌(𝐵) and a nonsingular 𝑀-matrix if 𝑠 > 𝜌(𝐵).
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Convergence of Modified Newton’s Iteration

Theorem 3.3

If 𝐴 is the 𝑍-matrix, then the following are equivalent:

1 𝐴 is a nonsingular 𝑀-matrix.

2 𝐴−1 is nonnegative.

3 𝐴𝑣 > 0 for some vector 𝑣 > 0.

4 All eigenvalues of 𝐴 have positive real parts.

5 𝐴𝑣 ≥ 0 implies 𝑣 ≥ 0.
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Convergence of Modified Newton’s Iteration

Theorem 3.4 (Main Theorem)

Suppose that the system of nonlinear matrix equation (1) satisfies
Assumption. Suppose that there is a collection of positive matrices
(𝑈1,𝑈2, . . . ,𝑈𝑛) such that 𝐹𝑖 (𝑈1,𝑈2, . . . ,𝑈𝑛) ≤ 0 for 𝑖 = 1, 2, . . . , 𝑛. Set
𝑋1,0 = 𝑋2,0 = · · · = 𝑋𝑛,0 = 0, then the sequences {𝑋1,𝑖}, {𝑋2,𝑖}, . . . , {𝑋𝑛,𝑖}
generated by iteration (7) converge to the minimal positive solution of system
(1), that is there is a collection of matrices (𝑆1, 𝑆2, . . . , 𝑆𝑛) which is the
minimal positive solution of the system (1) such that

lim
𝑖→∞

𝑋 𝑗 ,𝑖 = 𝑆 𝑗 , for 𝑗 = 1, 2, . . . , 𝑛.
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Convergence of Modified Newton’s Iteration

Theorem 3.5 (Main Theorem (Cont.))

Moreover,

𝑀𝑖 = −


𝐼𝑝 ⊗ 𝐴1,1 Λ

(1,𝑖)
𝑛 (𝐴1,𝑛) · · · Λ

(𝑛−1,𝑖)
2 (𝐴1,2)

Λ
(𝑛,𝑖)
2 (𝐴2,2) 𝐼𝑝 ⊗ 𝐴2,1 · · · Λ

(3,𝑖)
3 (𝐴2,𝑛−1)

.

.

.
.
.
.

. . .
.
.
.

Λ
(𝑛,𝑖)
𝑛 (𝐴𝑛,𝑛) Λ

(1,𝑖)
𝑛−1 (𝐴𝑛,𝑛−1) · · · 𝐼𝑝 ⊗ 𝐴𝑛,1


,

where Λ
(𝑙)
𝑘
(𝐴𝑖, 𝑗 ) =

𝑘∑︁
𝑝=1

(
(𝑋𝑘−𝑝

𝑙
)> ⊗ 𝐴𝑖, 𝑗𝑋

𝑝−1
𝑙

)
is a nonsingular 𝑀-matrix for each 𝑋 𝑗 ,𝑖 .

15 / 28



Introduction Classical and Modified Newton’s Iteration Convergence of Modified Newton’s Iteration Numerical Experiments References

Convergence of Modified Newton’s Iteration

Proof.

We use mathematical induction. Let 𝑈1,𝑈2, . . . ,𝑈𝑛 be positive matrices such
that 

𝐹1 (𝑈1,𝑈2, . . . ,𝑈𝑛) ≤ 0,

𝐹2 (𝑈1,𝑈2, . . . ,𝑈𝑛) ≤ 0,

.

.

.

𝐹𝑛 (𝑈1,𝑈2, . . . ,𝑈𝑛) ≤ 0.

It is equivalent to

𝐴1,𝑛𝑈
𝑛
1 + 𝐴1,𝑛−1𝑈𝑛−1

2 + · · · + 𝐴1,2𝑈
2
𝑛−1 + 𝐴1,0 ≤ −𝐴1,1𝑈𝑛,

𝐴2,𝑛𝑈
𝑛
2 + 𝐴2,𝑛−1𝑈𝑛−1

3 + · · · + 𝐴2,2𝑈
2
𝑛 + 𝐴2,0 ≤ −𝐴2,1𝑈1,

.

.

.

𝐴𝑛,𝑛𝑈
𝑛
𝑛 + 𝐴𝑛,𝑛−1𝑈𝑛−1

1 + · · · + 𝐴𝑛,2𝑈
2
𝑛−2 + 𝐴𝑛,0 ≤ −𝐴𝑛,1𝑈𝑛−1.

(11)
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Convergence of Modified Newton’s Iteration

Proof (Cont.)

We will show following three statements:

𝑋1,𝑖 ≤𝑈1,

𝑋2,𝑖 ≤𝑈2,

.

.

.

𝑋𝑛,𝑖 ≤𝑈𝑛,

𝑀𝑖 is a nonsingular 𝑀-matrix,



𝑋1,𝑖 ≤𝑋1,𝑖+1,
𝑋2,𝑖 ≤𝑋2,𝑖+1,

.

.

.

𝑋𝑛,𝑖 ≤𝑋𝑛,𝑖+1.
(12) (13) (14)

Since 𝑋1,0 = 𝑋2,0 = · · · = 𝑋𝑛,0 = 0,

𝑀0 = −


𝐼𝑝 ⊗ 𝐴1,1 0 · · · 0

0 𝐼𝑝 ⊗ 𝐴2,1 · · · 0
.
.
.

.

.

.
. . .

.

.

.

0 0 · · · 𝐼𝑝 ⊗ 𝐴𝑛,1


is nonsingular 𝑀-matrix.

And since 𝐻𝑖,1 = (−𝐴𝑖,1)−1𝐴𝑖,0 ≥ 0 for 𝑖 = 1, 2, . . . , 𝑛, the statement (12), (13),
(14) are true for 𝑖 = 0.
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Suppose that the statements (12)−(14) are true for 𝑖 = 𝑘 ∈ N, we will prove
three inequalities are true

𝑀𝑘


vec(𝑈𝑛 − 𝑋𝑛,𝑘+1)
vec(𝑈1 − 𝑋1,𝑘+1)

.

.

.

vec(𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1)


≥ 0, 𝑀𝑘+1


vec

(
𝑈𝑛 − 𝑋𝑛,𝑘+1

)
vec

(
𝑈1 − 𝑋1,𝑘+1

)
.
.
.

vec
(
𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1

)

> 0, 𝑀𝑘+1


vec

(
𝑋𝑛,𝑘+2 − 𝑋𝑛,𝑘+1

)
vec

(
𝑋1,𝑘+2 − 𝑋1,𝑘+1

)
.
.
.

vec
(
𝑋𝑛−1,𝑘+2 − 𝑋𝑛−1,𝑘+1

)

≥ 0.

(15) (16) (17)

⇓ t ⇓ t ⇓

𝑋1,𝑘+1 ≤𝑈1,

𝑋2,𝑘+1 ≤𝑈2,

.

.

.

𝑋𝑛,𝑘+1 ≤𝑈𝑛,

𝑀𝑘+1 is a nonsingular 𝑀-matrix,



𝑋1,𝑘+1 ≤𝑋1,𝑘+2,
𝑋2,𝑘+1 ≤𝑋2,𝑘+2,

.

.

.

𝑋𝑛,𝑘+1 ≤𝑋𝑛,𝑘+2.
(18) (19) (20)
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Suppose that the statements (12)−(14) are true for 𝑖 = 𝑘 ∈ N, we will prove
three inequalities are true

𝑀𝑘


vec(𝑈𝑛 − 𝑋𝑛,𝑘+1)
vec(𝑈1 − 𝑋1,𝑘+1)

.

.

.

vec(𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1)


≥ 0, 𝑀𝑘+1


vec

(
𝑈𝑛 − 𝑋𝑛,𝑘+1

)
vec

(
𝑈1 − 𝑋1,𝑘+1

)
.
.
.

vec
(
𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1

)

> 0, 𝑀𝑘+1


vec

(
𝑋𝑛,𝑘+2 − 𝑋𝑛,𝑘+1

)
vec

(
𝑋1,𝑘+2 − 𝑋1,𝑘+1

)
.
.
.

vec
(
𝑋𝑛−1,𝑘+2 − 𝑋𝑛−1,𝑘+1

)

≥ 0.

(15) (16) (17)
⇓ t ⇓ t ⇓

𝑋1,𝑘+1 ≤𝑈1,

𝑋2,𝑘+1 ≤𝑈2,

.

.

.

𝑋𝑛,𝑘+1 ≤𝑈𝑛,

𝑀𝑘+1 is a nonsingular 𝑀-matrix,



𝑋1,𝑘+1 ≤𝑋1,𝑘+2,
𝑋2,𝑘+1 ≤𝑋2,𝑘+2,

.

.

.

𝑋𝑛,𝑘+1 ≤𝑋𝑛,𝑘+2.
(18) (19) (20)
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Proof (Cont.)

Let 𝑀 (𝑖)
𝑘

is 𝑖th row partition of 𝑀𝑘 , for example,

𝑀
(1)
𝑘

= −
[
𝐼𝑝 ⊗ 𝐴1,1 Λ

(1,𝑘)
𝑛 (𝐴1,𝑛) · · · Λ

(𝑛−1,𝑘)
2 (𝐴1,2)

]
.

Then it is enough to show the following inequalities instead of (18)-(20):

𝑀
(1)
𝑘


vec(𝑈𝑛 − 𝑋𝑛,𝑘+1)
vec(𝑈1 − 𝑋1,𝑘+1)

.

.

.

vec(𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1)


≥ 0, 𝑀

(1)
𝑘+1


vec

(
𝑈𝑛 − 𝑋𝑛,𝑘+1

)
vec

(
𝑈1 − 𝑋1,𝑘+1

)
.
.
.

vec
(
𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1

)

> 0, 𝑀

(1)
𝑘+1


vec

(
𝑋𝑛,𝑘+2 − 𝑋𝑛,𝑘+1

)
vec

(
𝑋1,𝑘+2 − 𝑋1,𝑘+1

)
.
.
.

vec
(
𝑋𝑛−1,𝑘+2 − 𝑋𝑛−1,𝑘+1

)

≥ 0.
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𝑀
(1)
𝑘


vec(𝑈𝑛 − 𝑋𝑛,𝑘+1)
vec(𝑈1 − 𝑋1,𝑘+1)

.

.

.

vec(𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1)


=𝑀
(1)
𝑘


vec(𝑈𝑛)
vec(𝑈1)

.

.

.

vec(𝑈𝑛−1)


− 𝑀

(1)
𝑘


vec(𝑋𝑛,𝑘+1)
vec(𝑋1,𝑘+1)

.

.

.

vec(𝑋𝑛−1,𝑘+1)


= − vec

(
𝐴1,𝑛Γ

(1,𝑘)
𝑛 (𝑈1) + · · · + 𝐴1,2Γ

(𝑛−1,𝑘)
2 (𝑈𝑛−1) + 𝐴1,1𝑈𝑛

)
+ vec

(
(𝑛 − 1)𝐴1,𝑛𝑋

𝑛
1,𝑘 + · · · + 𝐴1,2𝑋

2
𝑛−1,𝑘 − 𝐴1,0

)
=vec

(
𝐴1,𝑛

(
𝑈𝑛
1 −

𝑛∑︁
𝑖=1

(𝑋 𝑖−1
1,𝑘𝑈1𝑋

𝑛−𝑖
1,𝑘 ) + (𝑛 − 1)𝑋

𝑛
1,𝑘

))
+ · · ·

+ vec
(
𝐴1,2

(
𝑈2
𝑛−1 −

2∑︁
𝑖=1

(𝑋 𝑖−1
𝑛−1,𝑘𝑈𝑛−1𝑋2−𝑖

𝑛−1,𝑘 ) + 𝑋
𝑛
𝑛−1,𝑘

))
≥ 0.
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𝑀
(1)
𝑘+1


vec

(
𝑈𝑛 − 𝑋𝑛,𝑘+1

)
vec

(
𝑈1 − 𝑋1,𝑘+1

)
.
.
.

vec
(
𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1

)

=𝑀

(1)
𝑘+1


vec (𝑈𝑛)
vec (𝑈1)

.

.

.

vec (𝑈𝑛−1)


− 𝑀

(1)
𝑘+1


vec

(
𝑋𝑛,𝑘+1

)
vec

(
𝑋1,𝑘+1

)
.
.
.

vec
(
𝑋𝑛−1,𝑘+1

)


=vec
(
𝑛𝐴1,𝑛𝑋

𝑛
1,𝑘+1 + · · · + 2𝐴1,2𝑋

2
𝑛−1,𝑘+1 + 𝐴1,1𝑋𝑛,𝑘+1

)
− vec

(
𝐴1,𝑛Γ

(1,𝑘+1)
𝑛 (𝑈1) + · · · + 𝐴1,2Γ

(𝑛−1,𝑘+1)
2 (𝑈𝑛−1) + 𝐴1,1𝑈𝑛

)
≥vec

(
𝐴1,𝑛

(
𝑈𝑛
1 −

𝑛∑︁
𝑖=1

(
𝑋 𝑖−1
1,𝑘+1𝑈1𝑋

𝑛−𝑖
1,𝑘+1

)
+ 𝑛𝑋𝑛

1,𝑘+1

))
+ vec

(
𝐴1,𝑛−1

(
𝑈𝑛−1
2 −

𝑛−1∑︁
𝑖=1

(
𝑋 𝑖−1
2,𝑘+1𝑈2𝑋

𝑛−𝑖−1
2,𝑘+1

)
+ (𝑛 − 1)𝑋𝑛−1

2,𝑘+1

))
+ · · · + vec

(
𝐴1,2

(
𝑈2
𝑛−1 −

2∑︁
𝑖=1

(
𝑋 𝑖−1
𝑛−1,𝑘+1𝑈𝑛−1𝑋2−𝑖

𝑛−1,𝑘+1

)
+ 2𝑋2

𝑛−1,𝑘+1

))
+ vec

(
𝐴1,1𝑋𝑛,𝑘+1 + 𝐴1,0

)
=vec

(
𝐴1,𝑛

(
𝑈𝑛
1 −

𝑛∑︁
𝑖=1

(
𝑋 𝑖−1
1,𝑘+1𝑈1𝑋

𝑛−𝑖
1,𝑘+1

)
+ (𝑛 − 1)𝑋𝑛

1,𝑘+1

))
+ vec

(
𝐴1,𝑛−1

(
𝑈𝑛−1
2 −

𝑛−1∑︁
𝑖=1

(
𝑋 𝑖−1
2,𝑘+1𝑈2𝑋

𝑛−𝑖−1
2,𝑘+1

)
+ (𝑛 − 1)𝑋𝑛−2

2,𝑘+1

))
+ · · · + vec

(
𝐴1,2

(
𝑈2
𝑛−1 −

2∑︁
𝑖=1

(
𝑋 𝑖−1
𝑛−1,𝑘+1𝑈𝑛−1𝑋2−𝑖

𝑛−1,𝑘+1

)
+ 𝑋2

𝑛−1,𝑘+1

))
+ vec

(
𝐴1,𝑛𝑋

𝑛
𝑛,𝑘+1 + · · · + 𝐴1,1𝑋𝑛,𝑘+1 + 𝐴1,0

)
≥vec

(
𝐴1,𝑛

(
𝑈1 − 𝑋1,𝑘+1

) (
𝑈𝑛−1
1 − 𝑋𝑛−1

1,𝑘+1

)
+ 𝐴1,𝑛−1

(
𝑈2 − 𝑋2,𝑘+1

) (
𝑈𝑛−2
2 − 𝑋𝑛−2

2,𝑘+1

)
+ · · · + 𝐴1,2

(
𝑈𝑛−1 − 𝑋𝑛−1,𝑘+1

)2)
+ vec

(
𝐴1,𝑛

(
𝑋1,𝑘+1 − 𝑋1,𝑘

) (
𝑋𝑛−1
1,𝑘+1 − 𝑋𝑛−1

1,𝑘

)
+ 𝐴1,𝑛−1

(
𝑋2,𝑘+1 − 𝑋2,𝑘

) (
𝑋𝑛−2
2,𝑘+1 − 𝑋𝑛−2

2,𝑘

)
+ · · · + 𝐴1,2

(
𝑋𝑛−1,𝑘+1 − 𝑋𝑛−1,𝑘

)2)
> 0.
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𝑀
(1)
𝑘+1


vec

(
𝑋𝑛,𝑘+2 − 𝑋𝑛,𝑘+1

)
vec

(
𝑋1,𝑘+2 − 𝑋1,𝑘+1

)
.
.
.

vec
(
𝑋𝑛−1,𝑘+2 − 𝑋𝑛−1,𝑘+1

)

= 𝑀

(1)
𝑘+1


vec

(
𝑋𝑛,𝑘+2

)
vec

(
𝑋1,𝑘+2

)
.
.
.

vec
(
𝑋𝑛−1,𝑘+2

)

− 𝑀

(1)
𝑘+1


vec

(
𝑋𝑛,𝑘+1

)
vec

(
𝑋1,𝑘+1

)
.
.
.

vec
(
𝑋𝑛−1,𝑘+1

)


= vec
(
𝑛𝐴1,𝑛𝑋

𝑛
1,𝑘+1 + · · · + 2𝐴1,2𝑋

2
𝑛−1,𝑘+1 + 𝐴1,1𝑋𝑛,𝑘+1

)
− vec

(
(𝑛 − 1)𝐴1,𝑛𝑋

𝑛
1,𝑘+1 + · · · + 𝐴1,2𝑋

2
𝑛−1,𝑘+1 + 𝐴1,0

)
= vec

(
𝐴1,𝑛𝑋

𝑛
𝑛,𝑘+1 + · · · + 𝐴1,1𝑋𝑛,𝑘+1 + 𝐴1,0

)
≥ vec

(
𝐴1,𝑛

(
𝑋1,𝑘+1−𝑋1,𝑘

) (
𝑋𝑛−1
1,𝑘+1−𝑋

𝑛−1
1,𝑘

)
+· · ·+𝐴1,2

(
𝑋𝑛−1,𝑘+1−𝑋𝑛−1,𝑘

)2)
≥ 0.
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

𝑋1,𝑖 ≤𝑈1,

𝑋2,𝑖 ≤𝑈2,

.

.

.

𝑋𝑛,𝑖 ≤𝑈𝑛,

𝑀𝑖 is a nonsingular 𝑀-matrix,



𝑋1,𝑖 ≤𝑋1,𝑖+1,
𝑋2,𝑖 ≤𝑋2,𝑖+1,

.

.

.

𝑋𝑛,𝑖 ≤𝑋𝑛,𝑖+1.
(12) (13) (14)

Therefore, the statements (12), (13) and (14) are true for all 𝑖 ∈ N. It implies
that the matrix sequence 𝑋 𝑗 ,𝑖 is monotonically increasing and bounded
above. By Monotone convergence theorem, there are positive matrices
𝑆1, 𝑆2, . . . , 𝑆𝑛 such that lim

𝑖→∞
𝑋 𝑗 ,𝑖 = 𝑆 𝑗 for 𝑗 = 1, 2, . . . , 𝑛. Moreover, for any

other positive solutions 𝑆′1, 𝑆
′
2, . . . , 𝑆

′
𝑛, since it holds that 𝐹𝑖 (𝑆′1, 𝑆

′
2, . . . , 𝑆

′
𝑛) ≤ 0

for 𝑖 = 1, 2, . . . , 𝑛, we get from statement (12) that 𝑆 𝑗 ≤ 𝑆′
𝑗

for 𝑗 = 1, 2, . . . , 𝑛.
Hence, 𝑆1, 𝑆2, . . . , 𝑆𝑛 is the minimal positive solution of system (1).

�
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Example 1

Consider the system of equations{
𝐴1,2𝑋

2
1 + 𝐴1,1𝑋2 + 𝐴1,0 = 0,

𝐴2,2𝑋
2
2 + 𝐴2,1𝑋1 + 𝐴2,0 = 0.

(21)

Let 𝑝 = 10, 20, . . . , 100, and 𝐴 𝑗 ,𝑖 for 𝑖 = 0, 1, 2 and 𝑗 = 1, 2 are 𝑝 × 𝑝 matrices
which, in MATLAB code, are defined as

𝐴1,2 = rand(p),
𝐴2,2 = rand(p),
𝐴1,1 = rand(p) ∗ p − eye(p) ∗ p̂ 2,

𝐴2,1 = rand(p) ∗ p − eye(p) ∗ p̂ 2,

𝐴1,0 = rand(p),
𝐴2,0 = rand(p).
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𝑝
CPU time(sec) Efficiency

Algorithm 1 Algorithm 2

10 0.0323 0.0158 51.1737%
20 0.3768 0.1073 71.5260%
30 2.5495 0.5026 80.2861%
40 11.0100 1.9496 82.2921%
50 38.3648 6.4833 83.1009%
60 103.1862 15.9109 84.5804%
70 287.6370 35.9950 87.4860%
80 926.5837 85.6463 90.7568%
90 − 164.4290 −
100 − 310.9708 −

Table 1: Comparison of CPU time
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Example 2

Consider system (1), let 𝑛 = 5, 6, 7 and 𝐴 𝑗 ,𝑖 for 𝑖 = 0, 1, . . . , 𝑛 and 𝑗 = 1, 2, . . . , 𝑛
are 5 × 5 matrices which are defined as

for 𝑖 = 2, 3, . . . , 𝑛 and 𝑗 = 1, 2, . . . , 𝑛

𝐴 𝑗 ,𝑖 = eye(5)

𝐴 𝑗 ,1 = − (𝑛 − 1) (𝑛 + 2)
2

∗eye(5)

𝐴 𝑗 ,0 =
𝑛(𝑛 − 1)

2
∗eye(5)
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Figure 1: Comparison iteration time and relative residue
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