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Residual Minimization in K,

Last two lecture...

A € C"™ : square matrix
b € C™ : vector
%, : Krylov subspace (b, Ab,. .., A" 'b)

In this lecture...

A € C"™ : nonsingular matrix
Goal : solving Ax = b
Denote the exact solution x, = A™!b




Residual Minimization in K,

Idea of GMRES

T = Da(A)b

-
.

Figure 35.1. The least squares polynomial approzimation problem underlying
GMRES: minimize the residual norm ||r,||. Compare Figure 34.1.




Residual Minimization in %K,

Let K, be the m x n Krylov matrix that

K,=| b| Ab A"‘lb]

In lecture 33, K,, must have a reduced QR factorization K,, = Q,R,,.
And we have

AK, = | Ab | A%b Ab

The column space of AK,, is AK,.



Residual Minimization in K,

Problem

Find ¢ € C" such that
arg min [|AK;c — b|| (2)

Once c is found, we would set x,, = K,,c.

And each K,, must have a reduced QR factorization
Kn = Qan
We can get Q,, after using Arnoldi iteration.

Problem

Find y € C" such that
airg IAQny — bl| 3)

We can write x,, = 0,y instead of x,, = K¢




Residual Minimization in K, nen
Because of the special structure of Krylov subspaces, the dimension must be (n + 1) x n.

AQ, = Qn+1l:]n

Problem

Find y € C" such that .
arg Hlyin |Qn+1Hny — Dl (4)

Now both vectors inside the norm are in the column space of Q,,.1. Therefore, multiplying
on the left by Q* . does not change that norm.

n+1

Problem

Find y € C" such that _
argmin [|Hyy = 0., | )




Residual Minimization in %,

Finally, we note that by construction of the Krylov matrices {Q,}, O}, b is equal to ||b]|e;.
Thus we reach at last the final form of the GMRES least squares problem:

Problem

Find y € C" such that .
argmin [|AHyy - [|blle1]| (6)




Mechanics of GMRES

Algorithm 35.1. GMRES

g, = b/|[3]]

forn=1,2,3,...
( step n of Arnoldi iteration, Algorithm 33.1)
Find y to minimize ||H,y — ||blles]| (= lIrall)
T, = Qny-




Mechanics of GMRES

Algorithm 33.1. Arnoldi Iteration

b = arbitrary, ¢, = b/||b||

forn=1,2,3,...
v=Agq,
forj=1ton
hj,,zq;'v

v= 'v—-hj,,qj

Qi1 = U/hn+1,1|.

Pas1a = || [see Exercise 33.2 concerning h,,,;, =

0]




GMRES and Polynomial Approximation

Recall

Arnoldi/Lanczos Approximation Problem.
Find p" € P" such that
A T lp" (A)bl|

where

P = {monic polynomials of degree n}

P, = {polynomials p of degree < n with p(0) = 1} (7)
By using this, the iterate x,, can be written
Xn = gn(A)b (8)

where ¢ is a polynomial of degree n — 1. The corresponding residual r,, = b — Ax, is
rm = (I — Agn(A))b, where p,, is the polynomial defined by p,(z) = 1 — z¢(z). Then we have

n = pn(A)b
- oy



GMRES and Polynomial Approximation

Therefore, the GMRES process chooses the coefficients of p,, to minimize the norm of this
residual.

GMRES Approximation Problem

Find p,, € P, such that
gl lpn (A)bl| 9)

)

Theorem 3.1

Let the GMRES iteration be applied to a matrix A € C"™*" as described above.
Scale-invariance. If A is changed to oA for some o € C, and b is changed to o b, the
residuals {r,} changed {or,}.

Invariance under unitary similarity transformations. /f A is changed to UAU* for some
unitary matrix U, and b is changed to Ub, the residuals {r,} changed {U*r,}.




Convergence of GMRES

We use Monotone convergence theorem to determine convergence of most iterative
methods.

Lemma 4.1

If a sequence of real numbers is increasing and bounded above, then its supremum is the
limit.

Lemma 4.2

If a sequence of real numbers is decreasing and bounded below, then its infimum is the
limit.

Theorem 4.3

If{a,} is @ monotone sequence of real numbers, then this sequence has a finite limit if and
only if the sequence is bounded.

.




Convergence of GMRES

But in GMRES cases, we use two observations instead of Monotone convergence
theorem.
The first is that GMRES converges monotonically

Irneall < [lrall (10)

The second is that after at most m steps the process must converge, at least in the
absence of rounding errors:
lrmll =0 (11)

The critical factor of the most of problems that determines the size of this quantity is
usually [|pa(A)Il.

rall .
1< f (A 12
T lpa(A)l (12)

This inequality brings us to the mathematically elegant question: given a matrix A and a
number n, how small can ||p,(A)|| be? This question is the basis of almost all analysis of
convergence of Krylov subspace iterations for solving systems of equations.



Polynomials Small on the Spectrum

Given A and n, how small can ||p,.(A)||? The standard way of obtaining estimates is to look
for polynomials p(z) that are as small as possible on the spectrum A(A), while still
satisfying p(0) = 1. If p is is a polynomial and S is a set in the complex plane, let us define
the scalar ||p|ls by
llplls = sup [p(2)] (13)
zZ€S

Suppose A is diagonalizable, satisfying A = VAV~'. Since the condition number
(A) = |AlA~Y]], we have

(A < VIOV HE = «WV)lIpliaca) (14)



Polynomials Small on the Spectrum @
‘

Combining (14) with (12) gives the following basic theorem on convergence of GMRES.

Theorem 5.1
At step n of the GMRES iteration, the residual r,, satisfies

Irall _ '
< inf Al < (V) inf e
ol = pir»ean lpn (Al < &( )pirean llPllaca) (15)
where A(A) is the set of eigenvalues of A, V is a nonsingular matrix of eigenvectors, and
lPnllaca) is defined by (13).

v

This theorem can be summarized in words as follows. If A is not too far from normal in the
sense that «(V) is not too large, and if properly normalized degree n polynomials can be
found whose size on the spectrum A(A) decreases quickly with n, then GMRES converges
quickly.



Polynomials Small on the Spectrum @
‘

Example 5.2

Let A be a 200 x 200 matrix whose entries are independent samples from the real normal
distribution of mean 2 and standard deviation 0.5/v200. In MATLAB,

m=200; A=2sxeye(m)+ 0.5+ randn(m)/sqrt(m); (16)

Our problem is
Ax =bwhere b=(1,1,...,1)

The convergence in this case is extraordinarily steady at a rate approximately 47". Since
the spectrum of A approximately fills the disk indicated, [|[p(A)|] is approximately minimized
by the choice p(z) = (1 —z/2)". Since I — A/2 is a random matrix scaled so that its spectrum
approximately fills the disk of radius 1/4 about 0, we have ||p(A)|| = ||[(I — A/2)"|| ~ 47".



Polynomials Small on the Spectrum

XX example 1
cle; clear;

load( " exanp | eseed. nat ) 2 . . . . . . .
rngis]
no= 200;
A =2+ evelm) + 0.5 « randn(n) # sartim); 1671 ]
b = onesim, 1);
. 1r -

kappad = norm(a,2) + norn{inv(4),2)
[¥,Dl=eiala):
kappal = norm(¥,2) + norn{inv(v), 2} 0571 7
figure(1)
plot(D, k") or T ]
xlim([-1,31)
vlim([-2.2]) 05k 1
arid on
restart = 50; -1 1
mawit = 100;
tol = le-B;

) A5 .
[%0,110,rr0, it0,rv0] = gnres(i,b, restart, tol, maxit);
figure(2) -2 L L L L L L L
sen i logy(0:length(rvD)-1, rvD/norn(b), —a'} -1 -0.5 0 0.5 1 1.5 2 2.5 3
ylineltol, r—"1;
grid on



Polynomials Small on the Spectrum

XX example 1
cle; clear;
load( “exanp |eseed nat ') 0.3
rngis)

no= 200;

A =2+ evelm) + 0.5 « randn(n) # sartim);
b = onesim, 1);

kappad = norm(4,2) + norn{inviA),2)
[v.0 ath); 01}
kappa¥ = norm(¥,2) + norn{inv(V),2)

figure(1)

plot(D, k") or 4
xlim([-1,31)

vlim([-2.2])

arid on 0n1F J

restart = B0;
mawit = 100;

tol = le-6: 0.2

[%0, 110,rr0, it0, rv0] = anres(A,b,restart,tol, maxit);

figure(2) 0.3 L L L L L

sen i logy(0:length(rvD)-1, rvD/norn(b), —a'} -0.3 0.2 0.1 o 0.1 0.2 0.3
ylineltol, r—"1;

grid on



Polynomials Small on the Spectrum

XX example 1
cle; clear;

load("exanp | eseed. nat ) 10%G
rngis]

no= 200;
A =2+ evelm) + 0.5 « randn(n) # sartim); 101 E J
b = onesim, 1);

kappah = noru(4,2) + norn{inv(a),2) 102} 3
[V, Dl=eialh): B

kappa¥ = norm(¥,2) + norn{inv(V),2) =

figure(1) >

plotiD, 'k.") %

slint1-1,3]) 104 \ 3
vlim([-2.2])
arid on N

restart = 50; A
mawit = 100;
tol = le-B; 1D'6 __________________________ al
[%0,110,rr0, it0,rv0] = gnres(i,b, restart, tol, maxit);

figure(2) 107 L L L L L | L L L
geni logy(0:length(rv)-1, rel/normib), "—o') o 1 2 3 4 5 6 7 8 9 10
ylineltol, r—"1;

grid on




Polynomials Small on the Spectrum

Example 5.3

If the eigenvalues of a matrix "surround the origin," on the other hand, such rapid
convergence cannot be expected. The matrix is now A’ = A + D, where A is the matrix of
(16) and D is the diagonal matrix with complex entries

km

diy = (-2 +2sin6) +icosby, 0O = 1,0Sk$m—1

After this, the eigenvalues now lie in a semicircular cloud that bends around the origin.
The convergence rate is much worse than before, making the iterative computation no
better than Gaussian elimination for this problem. The condition numbers are now

k(A) ~ 3.7790 and «(V) ~ 78.3663, so the deterioration in convergence cannot be explained
by conditioning alone; it is the locations of the eigenvalues, not their magnitudes (or those
of the singular values) that are causing the trouble. If the arc extended much further
around the spectrum, the convergence would worsen further.

naq
[2te] -




Polynomials Small on the Spectrum

X example 2
for k = Da-1

theta = kepi / (n-1);

dlk+1) = (-2 + Zssin(theta)) + 1i # cos(theta);

end

fo a0 2 —— T

kappahp = narn(dp,2) + nornlinv(ke},2)

¥, Dp1=2 i9(4p) 5 15} 1

kappalip = narnitlp,2) + norn(inv(¥p},2)

fisure(3) 1t 1

plot(Dp, k. ")

wlin([-1,3])

ylin([-2,2]) L 1

arid on 0.5

restart = 80;

naxitl = it0(2); or 1

naxit2 = 100;

tol = le-65

[, 11, rrlit],rel] = onres(ap,b, (1. tolnaxit]); o5t 1
[%2,12,rr2,it2,rv2] = anres(ip,b, [].tol.naxit2);

[LUl= luthp) ;

L{sbs(L3<0.01)=0;

UCabstU3<D.01)=0; T 1
13,113,173, 113,rv3] = onres(hp,b, []. tolnaxit2,L, 1)

fisure(4) 451 g
seni logy(0: length(rvi)=1, vl fnorm(p), “=0')

ylineltal. r—"):

arid an 2 . . . . L L L

¢ -1 0.5 0 0.5 1 1.5 2 2.5 3
iqura(s)

seni loay(0: lenath (rv2)-1, rv2/narm(b), "~a')

hald on

seni logy(0: length(rv3)-1, red/narn(L(L#D)), ~0")
vlineltol, r—");
grid on



Polynomials Small on the Spectrum

X example 2
for k = Da-1

theta = kepi / (n-1);

dlk+1) = (-2 + Zssin(theta)) + 1i # cos(theta);
end
dp = diagld);
hp = hodos

kappatp = norn(dp,2) + norm(inw(he),2)
[¥p, Dpl=eigthp) 5
kappa¥p = norm(¥p,2) + norm{inv(¥p},2)

fiaure(3)
plot(Dp, k. ")
®lim([-1,31) 2L q
yiin(l-2,2]) o

arid on

restart = 80;
naxitl = 1t0(2); 102 F
naxit2 = 100;

tol = le-65

[, 11, rrlit],rel] = onres(ap,b, (1. tolnaxit]);
[%2,12,rr2,it2,rv2] = anres(ip,b, [].tol.naxit2);
[LUl= luthp) ;

L{sbs(L3<0.01)=0;

Ulabs(U3<0.01)=0;

13,113,173, 113,rv3] = onres(hp,b, []. tolnaxit2,L, 1)

figure(d)
seni logy(0: length(rv1)=1, rvl/narn(b), ~0")
ylineCtol, 'r—");

arid on .ID-G

figure(s)

seni |oay(0: length (rv2)-1, rv2/narm(b). "~ ')

hold on

seni loay(0: length(rv8)-1, rvd/narn(LBCLAD)), 0"
vlinettol, r-=');

arid on



Polynomials Small on the Spectrum

2% example 2
for k = Da-1

theta = kepi / (n-1);

dlk+1) = (-2 + Zssin(theta)) + 1i # cos(theta);
end
n 0% ' ' ! ‘ '

kappatp = norn(dp,2) + norm(inw(he),2)

|
[¥p, Dpl=eigthp) 5 i
kappa¥p = norn(Yp,2) + norm(inw(¥p),2) d? =

figure(3) 102 L
plot(Dp, k. ")

'\
wlin([-1,31)
slin([-2,2]) (#) S
!
1

arid on

restart = 50; \

naxitl = it0(2); 10—4 - 1 ! 4
naxit2 = 100; 24

tol = le-6; ‘I

[l 11l it], il = ures(hn,b, [, tolnaxit]): \

142,112, rr2. 112,rv2] = snres(Ap,b, []. tol naxit2); | S
[L.Ul= Tutap)
L{sbs(L3<0.01)=0;

Uabs(U3<0.01)=0;
[%3, £13,rr3, 13,rv3] = aures(hp,b, [].tol,naxit2,L,U);

1
fiaure(4) &

seni logy(0: length(rv1)=1, rvl/narn(b), ~0")
ylineCtol, 'r—");

arid on .ID-B

10 20 30 40 50 &0
figure(s)
seni |oay(0: length (rv2)-1, rv2/narm(b). "~ ')
hold on
seni loay(0: length(rv8)-1, rvd/narn(LBCLAD)), 0"
vlinettol, r-=');
arid on




Polynomials Small on the Spectrum

XX example 1
cle; clear;

load( " exanp | eseed. nat ) 2 . . . . . . .
rngis]
no= 200;
A =2+ evelm) + 0.5 « randn(n) # sartim); 1671 ]
b = onesim, 1);
. 1r -

kappad = norm(a,2) + norn{inv(4),2)
[V.Dl=eial4);
kappal = norm(¥,2) + norn{inv(v), 2} 0571 7
figure(1)
plot(D, k") or T ]
xlim([-1,31)
vlim([-2.2]) 05k 1
arid on
restart = 50; -1 1
mawit = 100;
tol = le-B;

) A5 .
[%0,110,rr0, it0,rv0] = gnres(i,b, restart, tol, maxit);
figure(2) -2 L L L L L L L
sen i logy(0:length(rvD)-1, rvD/norn(b), —a'} -1 -0.5 0 0.5 1 1.5 2 2.5 3
ylineltol, r—"1;
grid on



Polynomials Small on the Spectrum

XX example 1
cle; clear;

load( " exanp | eseed. nat ) .ID{}O . . . . .

rngis]

no= 200;

A =2+ evelm) + 0.5 « randn(n) # sartim); 101 E J

b = onesim, 1);

kappah = noru(4,2) + norn{inv(a),2) 102} 3
[¥,Dl=eiala):

kappa¥ = norm(¥,2) + norn{inv(V),2)
figure(1)

plotiD, 'k.")

slint1-1,3]) 104 3
vlim([-2.2])
arid on

restart = B0;
mawit = 100;
tol = le-B; 1D'6 ______________________ —
[%0,110,rr0, it0,rv0] = gnres(i,b, restart, tol, maxit);

tigure(2) 107 L L L - L
sen i logy(0:length(rvD)-1, rvD/norn(b), —a'} 0 2 4 il 8 10 12
ylineltol, r—"1;

grid on




Polynomials Small on the Spectrum

W example 2

for k = Da-1
theta = kepi / (n-1);
dlk+1) = (-2 + Zssin(theta)) + 1i # cos(theta);
end
o 2 . . . . . : :
kappahp = norn(4p,2) + nornlinv(kp),2)
1571 7

[¥p, Dpl=eigthp) 5
kappa¥p = norm(¥p,2) + norm{inv(¥p},2)

figura(3) 1t
plot(Dp, k. ")

wlin([-1,31)

ylhin([-2,2])

arid on 0571

restart = 60

naxitl = 1t0(2); oF 4
naxit2 = 100;

tol = Te-Bi

[¢1, f11,rrlL i1, rl] = gnres(ho,b, (1, tol naxit1): o5t i
[x2, f12,rr2, 12, rv2] = snres(hp,b, [, tol naxit2)

(LU= lutke) s

Llabs(L)<0.01)=00; ,

Uabs(U3<0.01)=0;
[%3, £13,rr3, 13,rv3] = aures(hp,b, [].tol,naxit2,L,U);

figure(4)
senl 10gy (0: length(ryl)=1, rvi /norn(b), =o'}
ylineCtol. r—);

arid on 2 . . . . ! !

-1 0.5 0 0.5 1 15 2 25 3

figure(s)

seni |oay(0: length (rv2)-1, rv2/narm(b). "~ ')

hold on

seni loay(0: length(rv8)-1, rvd/narn(LBCLAD)), 0"
vlinettol, r-=');

arid on



Polynomials Small on the Spectrum

X example 2
for k = Da-1

theta = kepi / (n-1);

dlk+1) = (-2 + Zssin(theta)) + 1i # cos(theta);
end

dp = diaaid); Oc
ko = hece: == . ! I

orm{ap,2) + norm{inv(Ap),2)

kappakp
[¥p, Dpl=eigthp) 5
kappa¥p = norn(Yp,2) + norm(inw(¥p),2) 107 F <

figure(3)
plot(Dp, k. ")
®lim([-1,31) 2L
ylin([-2,2]) o
arid on

restart = 80;
naxitl = it0(2); 102 F
naxitz = 100;

tol = le-6;

Lt 1 rrt ittt rvl] = anres(ap,b, [1,tol,naxit1);
[%2,12,rr2,it2,rv2] = anres(ip,b, [].tol.naxit2); 4L
ILUI= Tutie) 5 10
L{abs(L)<0.01)=0;

U(abs(U3<0.01)=0;

[%3,13,rr3,it3,rv3] = anres(dp,b, [, tol.naxit2,L,1);

figure(d)
seni logy(0: length(rv1)=1, rvl/narn(b), ~0")
ylineCtol, 'r—");

arid on .ID-G

figure(s)

seni |oay(0: length (rv2)-1, rv2/narm(b). "~ ')

hold on

seni loay(0: length(rv8)-1, rvd/narn(LBCLAD)), 0"
vlinettol, r-=');

arid on



Polynomials Small on the Spectrum

X example 2
for k = Da-1

theta = kepi / (n-1);

dlk+1) = (-2 + Zssin(theta)) + 1i # cos(theta);
end
dp = diagld);
hp = hodos

kappatp = norn(dp,2) + norm(inw(he),2)
[¥p, Dpl=eigthp) 5
kappa¥p = norm(¥p,2) + norm{inv(¥p},2)

figure(3)
plot(Dp, k. ")
®lin([-1,31)
ylin([-2,2])
arid on

restart = 50;
naxitl = it0(2);

naxit® = 100;

tol = le-6:

[xt, f11.rrl it rvl] = anresChp,b, [1.tol,naxit1);
[x2, f12.rr2,1t2,rv2] = anres(ip,b, [].tol,naxit2)
[L,Ul= Tutdp) 5

L{abs{L3<0.01)=0;

Uabs(U3<0.01)=0;

[%3, £13,rr3, 13,rv3] = aures(hp,b, [].tol,naxit2,L,U);

figure(d)
seni logy(0: length(rv1)=1, rvl/narn(b), ~0")
ylineCtol, 'r—");

arid on .ID-?

figure(s)

seni |oay(0: length (rv2)-1, rv2/narm(b). "~ ')

hold on

seni loay(0: length(rv8)-1, rvd/narn(LBCLAD)), 0"
vlinettol, r-=');

arid on
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