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The most basic version of the QR factorization seems impossibly simple.
A is still real and symmetric, with real eigenvalues 4; and orthonormal eigenvectors g;.

Algorithm 28.1. “Pure” QR Algorithm
A0 =4
fork=1,2,...
QWRME = A1 QR factorization of A(*-"
AW = RiQE) Recombine factors in reverse order

Figure 1: “Pure” QR Algorithm
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Like the Rayleigh quotient iteration, the QR algorithm for real symmetric matrices
converges cubically. But not in the “Pure” QR Algorithm.
We apply three modifications of “Pure” QR Algorithm.
1. Before starting the iteration, A is reduced to tridiagonal form, as dicussed in Lecture
26.
2. Instead of A%, a shifted matrix A®) — 4] is factored at each step, where ) is some
eigenvalue estimate.
3. Whenever possible, and inparticular whenever an eigenvalue is found, the problem is
“deflated” by breaking A%) into submatrices.



The QR Algorithm

A QR algorithm incorporating these modifications has the following outline.

Algorithm 28.2. “Practical” QR Algorithm

(QONTAMQO = 4 A is 3 tridiagonalization of A
fork=1,2,...
Pick a shift p® e.g., choose pu(® = A%V
QWRM = A= _ M QR factorization of A*~1 — y® 7
A®) = RBQ®) 4 M Recombine factors in reverse order

If any off-diagonal element AE:L, is sufficiently close to zero,

set A;;1 = A;;q; =0 to obtain
[ A 0 ] = AW
0 4,
and now apply the QR algorithm to A, and A,.




The QR Algorithm

This algorithm, the QR algorithm with well-chosen shifts, has been the standard method
for computing all the eigenvalues of a matrix since the early 1960s. Only in the 1990s has
a competitor emerged, the divide-and-conquer algorithm described in Lecture 30.
Tridiagonalization was discussed in Lecture 26, shifts are discussed in the next lecture,
and deflation is not discussed further in this book. For now, let us confine our attention to
the "pure" QR algorithm and explain how it finds eigenvalues.



Unnormalized Simultaneous lteration %
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Our approach will be to relate the QR algorithm to another method called simultaneous
iteration, whose behavior is more obvious.

Idea : applying the power iteration to several vectors at once.

Suppose we starts with a set of n linearly independent vectors vgo),. v 1t seems

plausible that just A"vﬁo) converges as k — oo to the eigenvector corresponding to the

largest eigenvalue of A in absolute value, the space (A"v(lo),. . .,Akvﬁlo)) should converge to

the space (q1,...,q,) Spanned by the eigenvectors ¢,. . .,q, of A corresponding to the n
largest eigenvalues in absolute value.



Unnormalized Simultaneous lteration

Define V© to be the m x n initial matrix

v —

YO || O ] (1)

and define V%) to be the result after k application of A:

Vo) — Ak _

WO || ] @)

For column spave of V¥), compute a reduced QR factorization of V*):
OWRM = y®  where Q0% :mxn, R®:nxn. (3)

It seems plausible that columns of Q*) converge to the eigenvectors +¢, . .., +g, as
k — oo.



Unnormalized Simultaneous lteration

If we expand vj(_o> and vj(.k) in the eigenvectors of A, we have
0 .
V](. ) =ayjqrt - t+amjqm
k .
vj(. ) = /lll‘aqul +-- 4 /lﬁam]qm
o e Trom 10 By these assumptions, we can assume the following:
iterates of Algorithm 27.1 satisfy
o w—an=o{¥). @ u-ai=of[) All the leading principal minors of 7 V(® are nonsingular.

as k — w. The + sign means that at each step k, one or the
other choice of sign is to be taken, and then the indicated bound
holds.




Unnormalized Simultaneous lteration

All the leading principal minors of 07V are nonsingular.

Definition 2.1

The leading principal submatrix of order k of an n x n matrix is obtained by deleting the
last n — k rows and column of the matrix

Definition 2.2

The determinant of a leading principal submatrix is called the leading principal minor of
A.

Principal minors can be used in definiteness tests.



Unnormalized Simultaneous lteration

Theorem 2.3

A matrix is
> positive definite if and only if all its leading principal minors are positive.
> negative definite if and only if its odd principal minors are negative and its even
principal minors are positive.
> indefinite if one of its kth order leading principal minors is negative for an even k or if
there are two odd leading principal minors that have different signs.

And it is equivalent to “leading determinant” in [1].

Test 3 S = AT A for a matrix A with independent columns
Test 4 All the leading determinants D;, D, ..., D,, of S are positive

Test 5 All the pivots of S are positive (in elimination)




Unnormalized Simultaneous lteration

Theorem 2.4

Suppose that the iteration (1),(2) and (3) is carried out and that assumptions are sarisfied.
Then as k — o, the columns of the matrices Q) converges linearly to the eigenvectors of
A:

llg” = 411l = 0(C*) (4)

for each j with 1 < j < n, where C < 1 is the constant max Mj—zl' As in the theorems of
<k<n <

the last lecture, the + sign means that at each step k, one or the other choice of sign is to
be taken, and then the indicated bound holds.




Unnormalized Simultaneous lteration

Proof.
Extend Q to m x m orthogonal matrix Q of eigenvector of A, then A = QAQT .

A1

dn | qn+1

ﬂn+1

Then we have -
VO = AV O = QAR QTVO = QAR OV + O(| A1 1%)

as k — oo.




Unnormalized Simultaneous lteration

Proof.
By assumptions, 07 V® is nonsingular, so

VO = OACQTVO + 0|41 [")
= (QA*QTVO) + 0|41 [ )(QT V)L QT V(O
= (OA* + 0(| 441 [¥))QT V@

Since 07V is nonsingular, the column space of this matrix is the same as the column

space of o
OA* + 0121 1").

It is clear that this column space converges linearly to that of 0. We omit the details.




Unnormalized Simultaneous lteration

Proof.
Since we assume that

All the leading principal minors of Q7 V(® are nonsingular.

It follows that the argument above also applies to leading subsets of the columns of V%)
and Q. In each case we conclude that the space spanned by the indicated columns of V)
converges linearly to the space spanned by the corresponding columns of Q. From this
convergence of all the successive column spaces, together with the definition of the QR
factorization (3) and (4). m|

y




Simultaneous lteration

[nSy %

P
Since v(k> .. (k) is highly ill-conditioned basis of (v(k> .. .,vf,k)>, orthonormalize at each

step.

Algorithm 28.3. Simultaneous Iteration

Pick Q(® € R™*" with orthonormal columns.
fork=1,2,...

Z=AQ*-

QWRE = 7 reduced QR factorization of Z

From the form of this algorithm, it is clear that the column spaces of 0*) and Z®) ate the
same, both being equal to the column space of A¥Q©). Thus new algorithm convergences
the same conditions as the old one.



Simultaneous lteration

naq
[2¢e] -

Theorem 3.1

Algorithm 28.3 generates the same matrices O*) as the iteration (1),-(3) consider in
Theorem 2.3, and under the same assumptions, it converges as described in that theorem.




Simultaneous lteration & QR Algorithm

Now we can explain the QR algorithm. It is equivalent to simultaneous iteration applied to
a full set of n = m initial vectors, namely, the identity, 0© = 1.

Here are the three formulas that define simultaneous iteration with 0(¥) = 1, followed by a
fourth formula that we shall take as a definition of an m x m matrix AX). And here are the

three formulas that define the pure QR algorithm.

Simultaneous lteration Unshifted QR Algorithm
o= (5) AO Z 4, 9)
Z = AQ%Y, (6) AG-D — o) pK). (10)
Z = Q®R®, (7) A® = gRg®) (11)
AB = (YT AQ®). ®) 0% = gg® ... oM, (12)




Simultaneous lteration & QR Algorithm

We can now exhibit the equivalence of these two algorithms.

Theorem 4.1

The process (5) and (9) generate identical sequences of matrices R®, 0% and A®),
namely, those defined by the QR factorization of the kth power of A,

Ak = g(k)g(k)’ (13)

together with the projection

Al — (Q(k))TAQ(k)- (14)




Simultaneous lteration & QR Algorithm

Proof.
We use mathematical induction.
(k=0) lts trivial.
Since A° = 9©) = R = 1 and A = A, (13) and (14) are immediate.
Consider now the case k > 1 for simultaneous iteration.
Ak = AQ(k—l)R(k—l) (- Ak = Q(k)R(k))
— Q(k)R(k)R(k—l) & AQ(k—l) — Q(k)R(k))
— Q(k)R(k) s RK) — gt plk=1) |, R(l))‘




Simultaneous Iteration & QR Algorithm

Proof.

On the other hand, consider the case k > 1 for the QR algorithm.
AQK-DRK=D (- gk = k) plk))

= Qe DARDRED (- 4®) = (WY 4g® = 9B 4B = 4ok))

= QWRHK (- AkD = g RW)

Finally, we can verify (14) by the sequence

A® — (QNT A6-D® (- Ak=1) — oW R() gnd AR = RK)OK)

= (Q")"4Q"™ (- inductive hypothesis)




Convergence of the QR Algorithm

We can now say a great deal about the convergence of the unshifted QR algorithm.

Ak = Q(k)ﬁ(k) (13) Ak = (Q(k))TAQ(k) (14)

> (13) explains why the QR algorithm can be expected to find eigenvectors.
> It constructs orthonormal basis for successive powers A
> (14) explains why algorithm finds eigenvalues.
> |t follows that the diagonal elements of A) are Rayleigh quotients of A corresponding to
the columns of ).
> As those columns converge to eigenvectors, the Rayleigh quotients converge to the
corresponding eigenvalues.
> Meanwhile, it implies that the off-diagonal elements of A%) correspond to generalized
Rayleigh quotients involving approximations of distinct eigenvectors of A on left and the
right.



Convergence of the QR Algorithm -
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Theorem 5.1

Let the pure QR algorithm be applied to a real symmetrix matrix A whose eigenvalues
satisfy |A1| > |A2] > --- > |4,,| and whose corresponding eigenvector matrix Q has all
nonsingular leading principal minors. Then as k — oo, A% converges linearly with
constant max sl to diag(ay,. .., 4m) and Q%) converges at the same rate to Q.
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Thank you!
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