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Tensor Multiplications

Tensor Outer Product

Definition (Tensor Outer Product)

We use ® to denote tensor outer product; that is for any two tensors
A € Ty and B € T,

ﬂ®‘% = (ail"'imbim+1"'im+n) (1)
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Tensor Multiplications

Tensor Outer Product

symmetric rank-one tensor

x®kEx®-"®X=(Iil"'ik)€Tk,n (2)
D e
k times

Obviously, x®F ¢ Sk.n, and it called a symmetric rank-one tensor when
x # 0.

rank-one tensor

, . T
More generally, let x(? = (xgl), .. .,ng)) e R” for i€ [m] and @ € R.

Then ax™ @ x? @ ---®x("™ is a tensor in T}, ,, with isd (41, ..., %y)th
entry as axil) :ci;”) Such a tensor (not necessarily symmetric) is

called a rank-one tensor in Ty, p.
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Tensor Multiplications

k-Mode Product

Definition (k-Mode Product)

For any & € T,, ,, and any P = (p;;) € RP*", and for any given k € [m],
the k-mode product of &/ and P, denoted as o Xy, P, is defined by

n
(d Xk P)iy“ik,]jik.,.l---’im = § a’il"'ikflikilﬁl"“imp’b',ik’
=1

(3)

Vi€ [n], 1€ [m],l# kVje [p]

By this product, the size of tensor is changed from n X --- X n to
NX- - XPpX-+Xn.
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Tensor Multiplications

k-Mode Product

linear operator P™(-)
If we do the k-mode product of o/ and P for all possible k£ € [n] as

P"(A)=d x1 PXg - Xy P

More specifically,

n
Pm(d) = Z a’741 ----- i7npj1 it pjmim € Tm p>
T eees o=l (4)
Vo = (a'zl ..... zm) & Manm
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Tensor Multiplications

k-Mode Product

For xT = (z1, ..., z,), the following frequently used notations are given

as below:
n
m-2 _ T T nxmn
dx =.SZ¢X3X Xg " XmX = Z QAijizg iy Liz * " Tiy, eR
13,0005 tm=1
(5)
n
-1 _ T T
X" = XX X3 Xy X = Z Wiy reiy Tig - i, | € R™ (6)
12,...,Im=1
n
ﬂme.Qfxl XTXQ--'XmXT: Z iy -evgpy, Ty~ T, eR (7)
11 50eestm=1
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Tensor Multiplication

Inner Product

Definition (Inner Product)

For any two tensor & = (4, ...4,,) » B = (bi;--i,,) € Tm,n, the inner
product of &/ and %, denoted as &f e &, is defined as

Frobenious norm of &

I lp=VNd o
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Tensor Multiplication

Hadamard Product

Definition (Hadamard Product)

For any two tensor o = (a4, ..i,,) » B = (bi,...i,,) € Tm,n, the Hadamard
product of &/ and %, denoted as &/ o &, is defined as

ﬂ (o] % S (alllmbllzm) € Tm,n (9)
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Next : 1.3 Tensor Decomposition and Tensor Rank
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