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Tensor Multiplications
Tensor Outer Product

Definition (Tensor Outer Product)
We use ⊗ to denote tensor outer product; that is for any two tensors
𝒜 ∈ Tm,n and ℬ ∈ Tp,n,

𝒜 ⊗ ℬ =
(
ai1 · · ·imbim+1 · · ·im+n

)
(1)
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Tensor Multiplications
Tensor Outer Product

symmetric rank-one tensor
x⊗k ≡ x ⊗ · · · ⊗ x︸       ︷︷       ︸

k times

=
(
xi1 · · · ik

)
∈ Tk,n (2)

Obviously, x⊗k ∈ Sk,n, and it called a symmetric rank-one tensor when
x ≠ 0.

rank-one tensor
More generally, let x(i) =

(
x(i)1 , . . . , x(i)n

)T
∈ Rn for i ∈ [m] and 𝛼 ∈ R.

Then 𝛼x(1) ⊗ x(2) ⊗ · · · ⊗ x(m) is a tensor in Tm,n with isd (i1, . . . , im)th
entry as 𝛼x(1)i1

· · · x(m)
im

. Such a tensor (not necessarily symmetric) is
called a rank-one tensor in Tm,n.
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Tensor Multiplications
k-Mode Product

Definition (k-Mode Product)
For any 𝒜 ∈ Tm,n and any P = (pij) ∈ Rp×n, and for any given k ∈ [m],
the k-mode product of 𝒜 and P, denoted as 𝒜 ×k P, is defined by

(𝒜 ×k P)i1 · · ·ik−1jik+1 · · ·im =
n∑

ik=1
ai1 · · ·ik−1ikik+1 · · ·impi,ik ,

∀il ∈ [n] , l ∈ [m], l ≠ k,∀j ∈ [p]
(3)

By this product, the size of tensor is changed from n × · · · × n to
n × · · · × p × · · · × n.
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Tensor Multiplications
k-Mode Product

linear operator Pm(·)
If we do the k-mode product of 𝒜 and P for all possible k ∈ [n] as

Pm (𝒜) = 𝒜 ×1 P ×2 · · · ×m P

More specifically,

Pm (𝒜) =
( n∑
i1 ,...,im=1

ai1 ,...,impj1i1 · · · pjmim

)
∈ Tm,p,

∀𝒜 =
(
ai1 ,...,im

)
∈ Tm,n.

(4)
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Tensor Multiplications
k-Mode Product

For xT = (x1, . . . , xn), the following frequently used notations are given
as below:

𝒜xm−2 ≡ 𝒜 ×3 xT ×4 · · · ×m xT =

( n∑
i3 ,...,im=1

aiji3 · · ·imxi3 · · · xim

)
∈ Rn×n

(5)

𝒜xm−1 ≡ 𝒜 ×2 xT ×3 · · · ×m xT =

( n∑
i2 ,...,im=1

aii2 · · ·imxi2 · · · xim

)
∈ Rn (6)

𝒜xm ≡ 𝒜 ×1 xT ×2 · · · ×m xT =

( n∑
i1 ,...,im=1

ai1 · · ·imxi1 · · · xim

)
∈ R (7)
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Tensor Multiplication
Inner Product

Definition (Inner Product)
For any two tensor 𝒜 =

(
ai1 · · ·im

)
,ℬ =

(
bi1 · · ·im

)
∈ Tm,n, the inner

product of 𝒜 and ℬ, denoted as 𝒜 •ℬ, is defined as

𝒜 •ℬ =
n∑

i1 ,...,im=1
ai1 · · ·imbi1 · · ·im . (8)

Frobenious norm of 𝒜
∥𝒜∥F =

√
𝒜 •𝒜
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Tensor Multiplication
Hadamard Product

Definition (Hadamard Product)
For any two tensor 𝒜 =

(
ai1 · · ·im

)
,ℬ =

(
bi1 · · ·im

)
∈ Tm,n, the Hadamard

product of 𝒜 and ℬ, denoted as 𝒜 ◦ℬ, is defined as

𝒜 ◦ℬ =
(
ai1 · · ·imbi1 · · ·im

)
∈ Tm,n (9)
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Next : 1.3 Tensor Decomposition and Tensor Rank
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